Introduction and motivation
Let C be a geometrically irreducible curve over a field k, let k be an algebraic closure of k, and let m be any positive integer not divisible by the characteristic of k. The Jacobian variety J of C comes equipped with a principal p~ariza-tion A, which is in particular an isomorphism from J to its dual variety J. The polarization A gives us an isomorphism between the m-torsion Jm of J and its Cartier dual, and this isomorphism turns the natural pairing Jm • Jm ~ l~m into the Weilpairing em:Jm • ~ I~,n. Suppose D and E are k-divisors on C whose mth powers are principal, say mD= divf and mE = div g, where f and y are k-functions on C. The following well-known theorem tells how the Weil pairing on the classes of D and E in Jm(k) can be calculated.
Theorem 1, Let [D] and [E] denote the classes of the divisors D and E in Jm(-k). Then we have

1-[( l ~m(ordp D)(ordp E) yordp D em([D], [E]) = xx'--"
fordp E (P) ' (1) P where P ranges over the geometric points of C.
Using Weil reciprocity one can easily show that to prove Theorem 1 it is enough to prove the theorem in the special case where the divisors D and E have disjoint supports, and in this Case Eq. (1) [7, Chap. 3] . Now suppose that k is a finite field that contains the mth roots of unity, let K be the function field of the curve C, and suppose 9 is an element of K such that L = K(9 l/m) has degree m over K and has constant field k. The Galois group of L over K is naturally isomorphic to the group of ruth roots of unity in k, and for every prime p of K local class field theory gives us a homomorphism, 
P where q = #k and where the product is over the primes P of K | k-lying over p. The typographical similarity between Eq. (1) and Eq. (2) is striking. Motivated by a desire to explain this similarity, we provide a new proof of Theorem 1. We begin in Sections 2 and 3 by proving the theorem in the special case where the base field k is finite. Our argument, which uses Kummer theory and class field theory to relate the Weil pairing to the I-Iilbert symbol, shows how Eq. (1) can be obtained from Eq. (2) . In Section 4 we briefly indicate how the general theorem follows from the special case where k is finite.
The Weil pairing, Kummer theory, and class field theory
We begin by interpreting the Weil pairing in terms of Kummer theory. For the moment we make no assumptions on k.
LetC~-be the curve C Xspeck Speck', so that the function field of C}-is K | k, which we will denote by K~. Let M~ be the maximal unramified abelian extension of Koo whose Galois group is killed by m, and let X be the corresponding curve over k. Then we know that X fits into a Cartesian square is none other than the Weil pairing; this can be seen by combining the explicit formula for the natural pairing of the m-torsion of an abelian variety with that of its dual (see [3, Sect. 16] ) with the fact that the map ~b: C ---) J induces an isomorphism ~b*: J" --) J that is equal to -A -l, where A is the polarization of J that was used in the definition of the Weil pairing (see [4, Remark 6 .10]). Now let us assume that k is a finite field. By replacing k by a finite extension field, we may assume that the Cartesian diagram above can be defined over k, and that the m-torsion points of J are all defined over k. Replace the diagram above with the corresponding diagram of k-schemes, and let M be the function field of the curve X over k, so that K and M are both function fields over the finite field k. We are now in the right situation to use class field theory. 
where the vertical arrows between the Galois groups are the natural restriction maps. Our comments on the Weil pairing at the start of this section show that the homomorphism era
( 9 , [E]):Jm(k) ~ pro(k) is equal to the composition Jm(k) "~ Gal(M/K) --* GaI(L/K) --~ I~m(k), and we know that the Artin map k~ from l~ to Gal(L/K) is obtained by following the arrows from the upper left
of the diagram to the lower right. We can calculate the Artin map by using Hilbert symbols, so the proof of Theorem 1 for finite fields is reduced to a calculation and a diagram chase.
A calculation
We introduce two auxiliary homomorphisms. Let ~: I ~ ~ k'* be defined by ordp a []
(a) = ]"-[(-1) (~176 .... (P)
I
Proof of Theorem 1 for arbitrary base fields
We briefly indicate how Theorem 1 can be proven for arbitrary base fields. Suppose we are given a curve C, divisors D and E, and functions f and y as in Theorem 1. Choose a model for C, and let R be the subring of k generated as a ring by the coefficients of the defining equations of the chosen model of C, the coSrdinates of the points of the divisors D and E, the coefficients of f and g, and the mth roots of unity. If R is a finite field we are done, so assume R is not finite. Then the fact that R is finitely generated as a ring implies that it contains infinitely many maximal ideals, coprime to m, where the curve C and its Jacobian have good'reduction. Choose such an ideal m. By reducing modulo m we get corresponding objects Co, Do, E0, f0, and go over the residue field ko = R/m. We know that e,~([D], [E]) specializes to era(IDol, [Eo] ) and the right hand side of Eq. (1) specializes to the same expression with subscript zeros added. The field/co is finitely generated as a ring and is therefore finite, so the two specializations are equal to one another by the special case of Theorem 1 we have already proven, However, the left hand side of Eq. (1) is an ruth root of unity by construction and the right hand side is an mth root of unity by Weil reciprocity. Since reduction modulo m is injective on the ruth roots of unity, we find that Eq. (1) must hold.
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